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Renormalizability of pure N = 1 Super Yang-Mills in the Wess-Zumino gauge in the
presence of the local composite operators A2 and λ¯λ
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The renormalization of N = 1 Super Yang-Mills theory with the presence of the local composite
operators AA, Aµγµλ and λ¯λ is analyzed in the Wess-Zumino gauge, employing the Landau condi-
tion. An all-orders proof of the renormalizability of the theory is given by means of the Algebraic
Renormalization procedure. Only three renormalization constants are needed, which can be identi-
fied with the coupling constant, gauge field, and gluino renormalization. The non-renormalization
theorem of the gluon–ghost–anti-ghost vertex in the Landau gauge is shown to remain valid in
N = 1 Super Yang-Mills with the presence of the local composite operators. Moreover, due to the
non-linear realization of the supersymmetry in the Wess-Zumino gauge, the renormalization factor
of the gauge field turns out to be different from that of the gluino.
First of all, this work is a brief review about what was
done in [1]. If the reader is looking for a more detailed
explanations and calculations, we suggest to look the
first reference. The supersymmetric gauge theories for
N = 1 exibits in the perturbative and a non-perturbative
regimes some peculiarities, for instance see [2–5].
In Quantum Field Theory, the expectation values in
the vacuum of composite operators play a important role
when we want to describe some non-perturbative effects.
In this work, we are going to discuss some renormal-
ization aspects about N = 1 Super Yang-Mills, in the
Euclidean space-time, with the presence of the local com-
posite operators,AA, Aµγµλ and λ¯λ in the Wess-Zumino
gauge, where the number of field components are mini-
mum. For such proposal, we are going to use the alge-
braic renormalization procedure [7]. As well, we are going
to show that in the Landau gauge, only the renormaliza-
tion factors, (Zg, ZA, Zλ), identified respectively with the
gauge coupling, the gauge field and the gluino field are
necessary to renormalizes the theory. Therefore, all the
other renormalization factors are written as combinations
of (Zg, ZA, Zλ). This proposal can be seen as a continuity
of other works done in [8–14], which discuss the renor-
malization of supersymmetric gauge theories through the
BRST cohomology.
The proceeding is organized as follows: in Section 1,
we perform a brief review on the main aspects of the
quantization of the Euclidean super Yang-Mills action in
the Wess-Zumino gauge. In Section 2, we discuss the
N = 1 Super Yang-Mills quantization in Wess-Zumino
gauge with introduction of the AµAµ and λ¯
αλα opera-
tors. In Section 3, we determine the Ward identities and
the algebraic characterization of the quantized action.
In Section 4, we construct the more general counterterm
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and we are going to find the renormalization factors for
all the fields, external sources and parameters. Finally,
we discuss our conclusions.
I. QUANTIZATION OF N = 1 EUCLIDEAN
SUPER YANG-MILLS IN THE WESS-ZUMINO
GAUGE
As we have mentioned in the introduction, we are
going to use the Wess-Zumino gauge because of the min-
imum number of components. However, there is a disad-
vantage: the supersymmetry algebra is realized in a non-
linear way. Therefore, the algebra generators of SUSY;
δα, α = 1, 2, 3, 4, don’t close in the translations. Thus,
{δα, δβ} = (γµ)αβ∂µ + (gauge transf.) + (field eqs.) .
(1)
As shown in [8–13], the most efficient way to handle
this kind of algebra, eq.(1), is to construct a generalized
BRST operator Q which encodes both susy and gauge
transformations, i.e.
Q = s+ ǫαδα , (2)
where s is the traditional BRST operator for the gauge
transformations and ǫα is a constant parameter of SUSY,
represented by a Majorana spinor, which carries the num-
ber of ghost +1. It can also be interpreted as a constant
ghost for the SUSY generators. The Q operator has the
following property
Q2 = ǫα(γµ)αβ ǫ¯
β∂µ , (3)
therefore, we can quantize the theory in order to preserve
SUSY invariance through the well known gauge fixing
procedure.
We are going to show how this construction can be ap-
plied in a N = 1 Super Yang–Mills theory. The classical
2action in the Euclidean space reads
ΣSYM =
∫
d4x
(
1
4
F aµνF
a
µν +
1
2
λ¯aα(γµ)αβD
ab
µ λ
bβ
+
1
2
D
a
D
a
)
, (4)
an exact Q-term. Adopting the Landau gauge condition,
∂µA
a
µ = 0, for the gauge fixing term we write
Σgf = Q
∫
d4x(c¯a∂µA
a
µ) , (5)
which reads
Σgf =
∫
d4x
[
c¯a∂µD
ab
µ c
b + ba∂µA
a
µ − c¯
aǫ¯α(γµ)αβ∂µλ
aβ
]
.
(6)
II. INTRODUCING THE LOCAL COMPOSITE
OPERATORS AµAµ AND λ¯
αλα
As written before, we need to describe the set of Ward
identities. Then, in order to achieve this aim, we have to
add some external sources coupling to non-linear BRST
transformations. More precisely, we will couple the some
external sources with QAaµ, Qλ
aβ , QDa and Qca. There-
fore, we have the following generalized BRST doublets of
sources [7], namely

QKaµ = Ω
a
µ
QΩaµ = ∇K
a
µ
,


QLa = Λa
QΛa = ∇La
,


QT a = Ja
QJa = ∇T a
,


QY aα = Xaα
QXaα = ∇Y aα
. (7)
The corresponding Q invariant external source term is
given by
Σext = Q
∫
d4x
(
−KaµA
a
µ + L
aca − T aDa + Y aαλaα
)
,
(8)
leading to the following Q invariant action Σ0
Σ0 = ΣSYM +Σgf +Σext . (9)
QΣ0 = 0 . (10)
Now, we would like to study the model in the presence
of the dimension two local gluon and gluino operators
AµAµ, Aµγµλ and λ¯
αλα. For this purpose we will employ
another set of external sources (j, χ, ραµ , τ
α
µ , N,R), which
forms the following doublets of generalized BRST

Qχ = j
Qj = ∇χ
,


Qταµ = ρ
α
µ
Qραµ = ∇τ
α
µ
,


QR = N
QN = ∇R
,
(11)
and add to eq.(9) the following Q-invariant term:
ΣAA−λ¯λ = Q
∫
d4x
[
1
2
χAaµA
a
µ +
1
2
ξχj + ταµA
a
µλ
a
α
+Rλ¯aαλaα +
ζ
4
RN3
]
. (12)
Therefore, for the classical complete classical action Σ
including all above-mentioned composite operators, we
have
Σ =
∫
d4x
[
1
4
F aµνF
a
µν +
1
2
λ¯aα[γµ]αβD
ab
µ λ
bβ
+
1
2
D
a
D
a + c¯a∂µD
ab
µ c
b + ba∂µA
a
µ
−c¯aǫ¯α[γµ]αβ∂µλ
aβ + Λaca + La
[1
2
gfabccbcc
−ǫ¯α[γµ]αβǫ
βAaµ
]
− JaDa − ΩaµA
a
µ +K
a
µ
[
−Dabµ c
b
+ǫ¯α[γµ]αβλ
aβ
]
+ T a
[
gfabccbDc
−ǫ¯α[γµ]αβD
ab
µ [γ5]
βηλbη
]
+Xaαλaα + gf
abcY aαcbλcα
+Y aα
[
−
1
2
(σµν )αβǫ
βF aµν + [γ5]αβǫ
β
D
a
]
+ραµA
a
µλ
aα − ταµ(D
ab
µ c
b)λaα
+ταµǫ¯
γ [γµ]γβλ
aβλaα
+gfabcταµA
a
µc
bλcα −
1
2
ταµA
a
µ(σρν )
αβǫβF
a
ρν
+ταµA
a
µ[γ5]
αβǫβD
a +
1
2
jAaµA
a
µ − χA
a
µ∂µc
a
+χAaµǫ¯
α[γµ]αβλ
aβ +
ξ
2
j2 −
ξ
2
χǫ¯α[γµ]αβǫ
β∂µχ
+N
(
λ¯aαλaα
)
+ gfabcRcbλ¯cαλaα
−
R
2
(σµν )
αγ ǫ¯γF
a
µνλ
a
α + R(γ5)
αγ ǫ¯γD
aλaα
−gfabcRλ¯aαcbλcα +
R
2
λ¯aα(σµν )αβǫ
βF aµν +
ζ
4
N4
−Rλ¯aα(γ5)αβǫ
β
D
a
]
. (13)
This action will be taken as the starting point for the
algebraic renormalization analysis [7].
III. WARD IDENTITIES AND ALGEBRAIC
CHARACTERIZATION OF THE INVARIANT
COUNTERTERM
The complete action Σ obeys a large set of Ward iden-
tities, which are describe through in the following:
• The Slavnov-Taylor identity:
S(Σ) = 0 , (14)
3where S(Σ) is determined in the reference [1]. Let
us also mention for later convenience, the so-called
linearized Slavnov-Taylor operator BΣ [7], which
has the following property
BΣBΣ = ∇ . (15)
As a consequence, BΣ is nilpotent when acting on
space-time integrated local functionals of the fields,
sources and their space-time derivatives. For more
details see the main reference of this work [1].
• The Landau gauge-fixing condition and the anti-
ghost equation [7]:
δΣ
δba
= i∂µA
a
µ ,
δΣ
δc¯a
+ ∂µ
δΣ
δKaµ
= 0 . (16)
• The Landau ghost Ward identity [7, 15]:
Ga(Σ) = ∆aclass , (17)
where
Ga =
∫
d4x
[
δ
δca
+ gfabcc¯b
δ
δbc
]
, (18)
and
∆aclass =
∫
d4x
[
gfabc
(
KbµA
c
µ − L
bcc + T bDc
−Y bαλcα
)
− Λa
]
. (19)
It’s important to notice that the term ∆aclass,
eqs.(17),(19), is purely linear in the quantum fields.
Other Ward identities are described in [1].
IV. THE ALGEBRAIC CHARACTERIZATION
OF THE INVARIANT COUNTERTERM AND
RENORMALIZABILITY
Our main purpose is to determine the most general
counterterm, for this, we are going to use the well known
algebraic renormalization procedure [7] and we are go-
ing to perturb the complete action, Σ, adding a local
integrated polynomial in the fields and in the sources,
namely Σcount, with dimension 4, null number of ghost,
and we are going to make that the perturbed action,
(Σ + ωΣcount), obey the same Ward identities of the ac-
tion Σ, to the first order in the infinitesimal expansion
parameter, ω, in other words,
Σcount = a0 SSYM + BΣ∆
(−1) , (20)
where a0 is a free coefficient and ∆
(−1) is the most gen-
eral local integrated polynomial in the fields and external
sources with ghost number −1 and dimension 3.
From the tables displayed in Appendix A of the refer-
ence [1], the most general expression for ∆(−1) is written
with arbitrary coefficients, namely ai, (i = 1, ..., 24). It’s
worth to mention that, in according to the tables, we have
to choose the dimension 1 in the ultraviolet for ghost and
anti-ghost fields. This choice is a property that simplifies
the counterterm analysis, because enable us to determine
the dimension (12 ), which the supersymmetric parameter
has in the ultraviolet.
Applying some symmetries to the counterterm, Σcount,
the following result is found for ∆(−1):
∆(−1) =
∫
d4x
[
a1
(
∂µc¯
a +Kaµ
)
Aaµ −
1
2
a1
(
χAaµA
a
µ
+ 2ταµA
a
µλ
aα
)
+ a4ξjχ−
a0
2
D
aT a + a11Y
a
α λ
aα
+
(a0
2
− a11
)
Y aα[γ5]αβǫ
βT a + a23Rλ¯
aαλaα
+
a24
4
RN3
]
.
(21)
We observe that Σcount contains six arbitrary coefficients
a0, a1, a4, a11, a23 and a24, which will give rise to the
renormalization factors of all fields, sources and param-
eters. To complete the algebraic renormalization anal-
ysis of the model, we need to demonstrate that the
counterterm can be reabsorbed in the starting action
through the redefinition of the fields and parameters
{ϕ}, ϕ = (A, λ, b, c, c¯,D, ǫ), of the external sources {Φ},
Φ = (K,Ω,Λ, T, J, L, Y,X, j, ρ, τ,N,R), of the coupling
constant g and of the vacuum parameters (ξ, ζ), namely:
Σ(ϕ,Φ, g, ξ) + ωΣcount(ϕ,Φ, g, ξ) = Σ(ϕ0,Φ0, g0, ξ0)
+ O(ω2) , (22)
where (ϕ0,Φ0, g0, ξ0, ζ0) stand for the bare fields, exter-
nal sources, coupling constant and parameters (ξ0, ζ0). In
the present case, we need to take a special care with some
mixing of some quantities with the same quantum num-
bers. In fact, by applying the linearized Slavnov-Taylor
operator to the local integrated polynomial ∆(−1), we can
easily notice that the field λa and the combination γ5ǫT
a
have the same dimension and quantum numbers, such as,
the Da field and the Y aγ5ǫ combination. In this kind of
mixing, we must realize the matrix renormalization, in-
stead, of the multiplicative renormalization. Therefore,
the renormalization of λ and D fields are given by
λaα0 = Z
1/2
λ λ
aα + ω z1 T
a(γ5)
αβεβ (23)
and
D
a
0 = Z
1/2
D
D
a + ω z2 Y
aα(γ5)αβε
β . (24)
Then, we are capable to write each renormalization factor
in terms of the coefficients a0, a1, a4, a11, a23, a24, we
4have
Z
1/2
A = 1 + ω
(a0
2
+ a1
)
,
Zg = 1− ω
a0
2
,
Z
1/2
λ = 1 + ω
(a0
2
− a11
)
,
ZN = (1 + ωa23)Z
−1
λ ,
Zξ = (1 + ωa4)Z
−2
g ZA ,
Zζ = (1 + ω(a24 − a23))Z
−4
λ , (25)
while, the remaining renormalization factors are combi-
nations of the terms determined in the set of equations
described before, for more details see [1]. This ends the
all order algebraic renormalization proof of the super-
symmetric Yang-Mills theories N = 1 in presence of the
local composite operators A2, Aµγµλ and λ¯λ.
Hence, we complete the algebraic renormalization
proof to all orders of the supersymmetric Yang-Mills the-
ories N = 1 with the presence of the local compos-
ite operators A2, Aµγµλ and λ¯λ. Moreover, we have
some remarks to do: The six independent parameters
(a0, a1, a4, a11, a23, a24) are necessary to renormalize the
theory. These coefficients corresponds to the renormal-
ization of coupling constant g, to the gauge field Aaµ, to
the parameter ξ, to the gluino λaα, to the external source
N and to the parameter ζ. The other renormalization
factors can be written as combinations of Zg, ZA, Zλ.
As one can observe form the renormalization factor
ZN , which depends from the free parameter a23, it does
not turn out possible to express the anomalous dimen-
sion of the gluino operator λ¯aαλaα in a similar way to
that of A2. To some extent, this can be understood as
a consequence of the use of the Wess-Zumino gauge in
which supersymmetry and gauge transformations are put
together, giving rise to a supersymmetry algebra which
does not close on space-time translations. The same rea-
soning applies here also to the renormalization factors ZA
and Zλ which turns out in fact to be different from each
other, see [14] for an explicit higher loop calculations of
these factors.
V. CONCLUSION
In this work, we realize the renormalization of Super
Yang-Mills N = 1 model in the Wess-Zumino gauge with
the operators AµAµ, Aµγµλ and λ¯λ, for this purpose,
we use the Landau gauge condition. We followed some
authors [8–14], to investigate the renormalization of the
theory through the BRST symmetry cohomology, thus,
we use as a tool the algebraic method [7]. Moreover,
ZA and Zλ are different although both belong to the
same multiplet, this is demonstrated in [14]. We re-
member that, the non-renormalization theorem in the
Landau gauge of ghost-antighost-gluon vertex [7, 15], in
other words, Z
1/2
c Z
1/2
c¯ ZgZ
1/2
A = 1, remains applicable to
the supersymmetric version of the theory. Also, we call
attention to the renormalization of the source j, given
by Z
1/2
g Z
−1/4
A , which is in complete accordance with the
non-supersymmetric case. Such result, being dependent
of the renormalization factors Zg and ZA, means that the
mass parameter coming from the operator AaµA
a
µ is not
an independent parameter, as expected.
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